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Metamaterials [1-4] with simultaneous negative permittivity and negative 
permeability (also called left-handed materials) open new avenues to achieving 
unprecedented physical properties and functionality unattainable with naturally 
occurring materials. It has been predicted that a metamaterial slab waveguide 
can slow down light significantly (even to zero velocity) as the thickness of the 
core layer approaches a critical thickness [5, 6]. Here we show that coupling 
between the forward and backward modes becomes significant near the critical 
thickness due to the good matching of the wavevectors and modal profiles of the 
two modes. Physical explanation and impact of this coupling are given. 
  
In the metamaterial slab waveguide consisting of a left-handed material (LHM, 
in which the wave vector and energy flux are in opposite directions) core and 
right-handed material (RHM, i.e., conventional dielectric) cladding, the forward and 
backward (meaning the energy flux velocity vE and wave vector are in opposite 
directions) modes coexist (see the upper and lower branches of the fundamental 
oscillating TM2 mode in Fig. 1a below), and the propagation constants of a 
right-going (or left-going) forward mode and a left-going (or right-going) backward 
mode  degenerate (i.e., βf = βb) at the critical core thickness (denoted by dc; see Fig. 
1a below). In this work we use mode matching technique [7] and the finite element 
method (FEM) to investigate the performance of slow light waveguide with an 
adiabatically varying core layer thickness. 
In all our numerical studies, the tapered waveguide has the following parameters: 
ε1=µ1=1−ωp
2
/(ωp
2
+iωГ) (for the LHM core) with 6p cω ω= , ωc/2π=1 THz 
(corresponding to λc=300 µm), ε2=2.56 (relative permittivity for lower cladding), 
µ2=1, ε3=2.25 (for upper cladding), µ3=1. All the following calculations are for TM 
polarized monochromatic continuous wave at the frequency of 1 THz except as 
otherwise indicated. Here we assume the metamaterial is lossless, i.e., Γ=0. 
Fig. 1a and b show how the propagation constant β and energy flux (group) 
velocity vE vary with core-thickness d for an LHM slab waveguide (see the inset in 
Fig. 1a). Here one sees clearly a critical core thickness dc, which separates the 
propagation region (d>dc) and the attenuation region (d<dc). The critical thickness dc 
is calculated to be 52.451813091371 µm for fundamental oscillating TM2 mode. At the 
critical thickness, the counter-directional energy fluxes balance each other and result 
in a slow waveguide with zero group velocity. A forward guided mode has more 
energy confined in the RHM cladding, while a backward guided mode has more 
energy confined in the LHM core layer (see the inset for point O1 in Fig. 1c). 
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Consider a waveguide with a continuously tapered thickness for the LHM core 
and assume an incident forward mode is excited from the left. Here the left-going 
backward guided mode with negative group velocity has positive wave vector, which 
is in the same direction as the wave vector of the incident forward guided mode. As d 
approaches dc, the incident right-going forward mode (see point Mf on the lower 
branch in Fig. 1a) and the left-going backward mode (see point Mb on the upper 
branch of the same order in Fig. 1a) get similar wave vectors (similar magnitude and 
same sign). It therefore fulfills the requirement of wavevector (momentum) matching 
for coupling between the forward and backward guided modes. It is well-known that 
wavevector (momentum) matching will give a large probability for e.g. three-wave 
mixing process (the so-called ‘condition of perfect phase matching’) [8] and radiative 
recombination in direct band gap semiconductor (the so-called ‘conservation of 
momentum or total k-vector’) [9], and small detuning from the matching condition 
will reduce the occurrence probability of the event/process. Similarly, coupling 
between forward and backward modes is more likely to occur when the wavevector 
(momentum) mismatch between the two modes decreases (i.e., when d approaches dc) 
in a continuously-tapered waveguide (without any sudden material change along the 
propagation direction; these wavevectors are tangential to the two LHM/RHM 
boundaries of the waveguide). Efficient coupling between two modes also requires a 
good matching of the two modal profiles.  As d approaches dc, the modal profiles of 
the backward and forward modes become very similar (see the inset for point O2  in 
Fig. 1c), and the value of mode overlap between the two modal profiles gets closer to 
unity (see the overlap curve in Fig. 1c).  
In our study, we consider the case when the core-thickness d is not large so that 
only one oscillating mode, namely, TM2 mode, can be supported in the metamaterial 
waveguide. Here we calculate the reflection of optical power as the LHM core 
thickness of the output waveguide decreases gradually to critical thickness dc. We use 
a reliable mode analysis and matching technique (see e.g. [7]) to calculate the 
reflection due to the coupling between the forward and backward modes. It is difficult 
to obtain an analytical field expression for a waveguide of continuously varying shape. 
Instead, we use a series of steps to approximate the tapered section so that the mode 
matching technique can be employed to obtain the reflection and transmission of 
optical energy in a semi-analytic way. We analyze separately for the cases of dout <dc 
and dout >dc. 
For the case of dout <dc, the output waveguide cannot support any guided mode, 
and consequently no transmission is expected. We approximate the tapered structure 
with many steps and increase the total number of steps N to approach a smoothly 
tapered waveguide (see Fig. 2a). The incident optical power carried by a right-going 
forward mode in the input waveguide will be channeled to different modes after it 
enters the tapered waveguide. The exact ratio of the optical power in each mode is 
calculated with the mode matching technique and shown in Fig. 2b. In particular, we 
are interested in the following power ratios (see the colored arrows in Fig. 2a): R11 
(ordinary reflection from the incident right-going forward mode to the left-going 
forward mode), R12 (reflection due to the coupling from the incident right-going 
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forward mode on the lower branch to the left-going backward mode on the upper 
branch, see the red open arrow in the inset of Fig. 2a) and the power scattered to leaky 
modes. Our calculation results of Fig. 2b show that, (1) when the number of steps N is 
small (~10), the optical power scattered into leaky modes is observable. However, it 
deceases quickly as the tapered waveguide becomes smoother and smoother (N>20); 
(2) when N is small, R11 is comparable with R12. However, R11 also deceases to nearly 
zero as the tapered waveguide becomes smoother and smoother (N>60); (3) for a 
smooth enough waveguide, R12 is precisely unity, which implies that all the energy of 
the incident right-going forward mode will be eventually coupled to the left-going 
backward mode and flow out from the input port. 
   Then we study the case of dout >dc. In this case (see Fig. 2c), the output waveguide 
still supports some guided modes. Fig. 2d shows the calculated R12(0, z) (accumulated 
contribution to reflection R12 from the coupling in partial section [0, z] of the whole 
tapered waveguide) and T11(0, z) as z increases. R11 is zero because the tapered 
waveguide is smooth enough. From Fig. 2d one sees that more and more incident 
optical power is reflected as z increases. The starting section [where dgap (≡d-dc) is 
large (1 or 2 µm)] of the tapered waveguide contributes little to the reflection. 
However, the reflection increases significantly as dgap approaches 0 (i.e., when z is 
close to the critical thickness). In the end, the reflection gets saturated to unity. All the 
incoming energy is coupled to the backward mode before the group velocity decreases 
to exactly zero. Clearly, the incident optical power suffers strong reflection (due to the 
coupling) when dgap is small (dgap<10
-3
 µm).  Fig. 2e shows the case of a 10-time 
longer tapered section. The solid curves represent the optical power ratios when the 
incident power is carried by a right-going forward mode, and the dashed curves with 
stars represent the optical power ratios when the incident power is carried by a 
right-going backward mode. As expected, they give exactly the same curves (due to 
the well-known reciprocity theory). Compared with Fig. 2d, one sees that a 10-time 
longer tapered waveguide gives the same trend, and cannot help in reducing reflection 
R12.  
Fig. 2f shows the distribution of the magnetic field component |Hy| calculated 
with the mode matching technique in a tapered metamaterial waveguide. To validate 
the mode matching technique, we also calculate the field distribution with FEM (finite 
element method) of commercial software COMSOL. The FEM simulation gives 
exactly the same field distribution pattern as the calculation of the mode matching 
technique. Fig. 2g gives a comparison of the field distribution along line x=0. The two 
lines fit each other very well, which shows the reliability of our results calculated with 
the mode matching technique. From this figure we see clearly some standing-wave 
characteristics in field magnitude |Hy| (normalized with the incident field magnitude), 
with alternative peaks and nodes along the z direction. This is also a clear evidence for 
the excitation of left-going backward mode: the backward mode and forward mode 
interfere with each other, forming alternative peaks and nodes of the field magnitude. 
From Fig. 2g one also sees that the peak value grows gradually as they get closer to 
the critical thickness, reaching a maximum of over 3.75. This local field enhancement 
around the critical thickness results from the slow light effect. 
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In summary, we have found the coupling between the forward and backward 
modes in a tapered slow light waveguide and given a clear physical explanation. Its 
impact to the reflection has also been studied.  
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FIGURE CAPTIONS 
 
Figure 1. Analysis of forward and backward TM2 modes as the core thickness (d) 
of a metamaterial slab waveguide varies. (a) The propagation constants of the 
forward and backward TM2 modes (at the frequency of 1THz) as d varies.  (b) 
Energy flux velocity vE as core thickness d varies. Energy flux velocity is defined by 
vE/c≡ (P1+P2+P3)/( 1P + 2P  + 3P ), where Pi (i=1, 2, 3) denotes the optical 
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power flow in the i-th layer. (c) Overlap of the forward and backward guided modes 
as LHM core thickness d varies. The mode overlap is defined as 
2
2 2
| |
| | | |
f b
f b
H H dx
Overlap
H dx H dx
≡
∫
∫ ∫
, where Hf  (in pink color) and Hb (in aquamarine 
blue) denote Hy components of the forward and backward modes, respectively. Inset: 
mode profiles of Hf and Hb for two different core thicknesses, namely, d = 54.7 µm at 
point O1, and d = 52.7 µm at point O2 (very close to critical thickness dc ≈ 52.45 µm).  
 
 
Figure 2. Reflection from a tapered metamaterial waveguide which can support 
only TM2 mode. (a) Reflection and transmission of different types for the case of 
dout<dc. The thick open arrows show the direction of the energy flux, while the thin 
arrows (inside the thick open arrows) indicate the direction of wave vector. (b) 
Optical power ratio for each type of reflection or leakage, as the total number of steps 
increases. Here we choose din = 55 µm, dout
 
= 52.4 µm (<dc), and the length of the 
tapered section is fixed to Ltaper= 20 λc.  (c) A case with dout > dc. In order to give a 
deep physical insight to the reflection, we use the concept of invariant imbedding (see 
e.g. [10] and relevant references therein) to study the contribution of each slice of the 
tapered waveguide to the reflection. Specifically, we choose two planes perpendicular 
to the z axis in the tapered waveguide, denoted by Plane A (z=z1) and Plane B (z=z2). 
Then we can calculate 12r (z1, z2), 11r (z1, z2), and 12t (z1, z2) as z1 or z2 varies. For 
example, 12r (0, 20λc) is the physical reflection for the whole tapered waveguide while 
12r (0, z) tells the accumulated contribution from the coupling in partial section [0, z] 
of the whole tapered waveguide [one may derive an imbedding differential equation 
for 12r (0, z) with boundary condition of 12r (0, 0) =0]. The reflection (transmission) 
of optical power can be obtained simply by ijR  = 
2
ijr , ijT  = 
2
ijt , … i,j=1,2. (d) 
and (e) Accumulated contribution to the reflection and transmission from segment [0, 
x] of the whole tapered waveguide with dout > dc.  The length of the tapered 
waveguide is 50λc and 500λc for d and e, respectively. Here we choose din =55 µm, 
and dgap(z)=(d(z)-dc)*10
-kz
, where tapering coefficient k =7.3*10
-4
/µm for d (in order 
to obtain a slowly-varying waveguide), and k = 7.3*10
-5
/µm for e (to ensure the same 
core thickness at the output waveguide). (f) Distribution of field magnitude |Hy| 
calculated with the mode matching technique. The tapered section is located between 
z=0 and z=6000 µm. The LHM core thicknesses of the input and output waveguides 
are 55 µm and 52.4 µm, respectively. (g) show the plots of |Hy| calculated with two 
different methods along line x=0.  In the FEM simulation, an adiabatic scalar 
absorbing layer [11] is used to eliminate parasitic reflection, and the forward mode is 
excited with a profile-specified source. 
 6
 
 
 
 
Figure 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 7
 
 
 
Figure 2. 
